In this work, we implement a relatively new analytical technique, the Exp-Function method, for solving special form of generalized nonlinear Benjamin-Bona-Mahony-Burgers equation (BBMB) which may contain high nonlinear terms.
Introduction
Nonlinear phenomena play important roles in applied mathematics, physics and also in engineering problems in which each parameter varies depending on different factors. Some of the relevant areas to wave phenomena contain fluid dynamics, plasma, elastic media, optical fibers, etc. Solving nonlinear equations may guide authors to know the described process deeply and sometimes leads them to know some facts that are not simply understood through common observations. Moreover, obtaining exact solutions for these problems is a great purpose, which has been quite untouched. However, in recent years, numerical analysis [1] has considerably been developed to be used for nonlinear partial equations such as BBMB equations that have a special kind of solutions: the solitary waves and the property of existence of a finite number of quantities (with physical interpretation) conserved by the solutions.
These equations are in the form of u t À u xxt À au xx þ bu x þ gðuÞ x ¼ 0; x 2 R; t P 0; ð1Þ where u(x, t) represents the fluid velocity in the horizontal direction x, a is a positive constant, b 2 R and finally, g(u) is a C 2 -smooth nonlinear function [2] . In addition, in recent years, scientists have presented some new methods for solving nonlinear partial differential equations; for instance, Bäcklund transformation method [3] , Lie group method [4], Adomian's decomposition method [5] , inverse scattering method [6] , Hirota's bilinear method [7] , homotopy analysis method [8] and He's Homotopy perturbation method, Variation iteration method and Exp-Function method [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] 27] .
The basic idea of the Exp-Function method was proposed by He [19] . Some illustrative examples in Refs. [21] [22] [23] [24] [25] [26] show that this method is very effective to search for various solitary and periodic solutions of nonlinear equations. This method is very strong for solving equations with high nonlinearity and very powerful and efficient technique in finding exact solutions. In this letter, we intend to present implementation of Exp-Function method to BBMB equation. Having the available exact solution of the special form of the corresponding equations would provide us to have an admissible comparison of the results that supports the applicability, accuracy and efficiency of the proposed methods.
Basic idea of Exp-Function method
We first consider nonlinear equation of form Nðu; u t ; u x ; u xx ; u tt ; u tx ; . . .Þ ¼ 0:
Introducing a complex variation as
And therefore, Eq. (1) constructs ODE of form
And then solution of U(g)is in the form of
where c, d, p and q are positive integers which are unknown to be later determined, a n and b n are unknown constants.
Application to Benjamin-Bona-Mahony-Burgers equations (BBMB)
Taking some considerations as a = 0, b = 1 and gðuÞ ¼ into account changes BBMB equation into
Introducing a complex variation g defined as Eq. (3), and then Eq. (6) becomes an ordinary differential equation, in the form of
In order to determine values of c and p, we balance the linear term of the highest order U 000 with the highest order nonlinear term UU 0 in Eq. (7), we have
where c i are determined coefficients only for simplicity. Balancing highest order of Exp-Function in Eqs. (8) and (9), we have
which leads to the result
Similarly, to determine values of d and q, we balance the linear term of lowest order in Eq. (7)
and
where d i are determined coefficients only for simplicity. Balancing lowest order of Exp-Function in Eqs. (12) and (13), we have
this leads to the result
According to this case, Eq. (5) reduces to
Substituting Eq. (16) into Eq. (7), and by the help of maple, we have
where
Solving this system of algebraic equations by using MAPLE, we obtain the following results:
where, b 0 is arbitrary constant parameter. Substituting these results into (16), we obtain the following generalized solitary solution of Eq. (6) as: 
If we choose k ¼ 
In addition, when k and x are imaginary numbers, the obtained solitary solution can be converted into periodic solution, so we define
using the transformation
Then Eq. (28) becomes
If we search for a periodic solution, the imaginary part in Eq. (34) must be zero, which requires that
Substituting Eq. (35) into (33) we can write
As mentioned above the values of c and d can be freely chosen, we set p = c = 2 and d = q = 2, then the trial function, Eq. (5) becomes
There are some free parameters in Eq. (39), we set b 2 = 1, b 1 = 0 and b À1 = 0 for simplicity, the trial function, Eq. (39) is simplified as follows
By the same manipulation as illustrated above, we obtain
Substituting Eq. (41) into (40) yields the following solution:
substituting k ¼ 
; a 1 ¼ 2b 1 ; b 2 ¼ 1 and b 1 = 2 into Eq. (44) we can recover Eq. (29):
Finally, we consider p = c = 3 and d = q = 3 then the trial function, Eq. (5) 
Substituting Eq. (48) into (47) yields the following solution:
Conclusion
In this Letter, the Exp-Function method was used for finding solutions of a Benjamin-Bona-Mahony-Burgers equation (BBMB) that may contain high nonlinear terms. It can be concluded that the Exp-Function method is very powerful and efficient technique in finding exact solutions for wide classes of problems. The obtained solutions recovered the exact solutions. All the cases show that the results of present method do not strongly depend upon the choice of values of c and d.
The Exp-Function method has got many merits and much more advantages than the exact solutions. Calculations in the Exp-Function method are simple and straightforward. The reliability of the method and the reduction in the size of computational domain give this method a wider applicability. The results show that the Exp-Function method is a powerful mathematical tool for solving systems of nonlinear partial differential equations having wide applications in engineering.
